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We consider operator-valued Riccati initial-value problems of the form (*) 
R’(r) + TR(f) + R(r)T = TA(r) + TB(r) R(f) + R(r) TC(t) + R(f) TD(t) R(r), 
R(O)=R,. Here A(t) through D(f) and R, have values as nonnegative bounded 
linear operators in L’(p), where p is a o-finite measure, and T is a closed non- 
negative operator in L’(p) satisfying additional technical conditions. For such 
problems the notion of strongly mild solutions is defined. The main result is a set 
of conditions under which (*) with sufficiently small initial value has a global 
solution. (’ 1992 Academic Press, Inc. 
1. INTRODUCTION 
We consider operator-valued Riccati nitial-value problems of the form 
R'(t)+TR(t)+R(t)T=TA(t)+TB(t)R(t) 
+ R(t) TC(t)+ R(t) TD(t)R(t) 
R(O)=R,. 
The data appearing in (1) satisfy the following assumptions: 
(la) 
(lb) 
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(Al) A(t) through D(t) have values as nonnegative bounded linear 
operators in L’(p), where p is a o-finite m asure, and are nondecreasing in 
t. Moreover, they are all bounded by c/2 for some positive cd 1. 
The operator T is closed and positive in L’(p) and satisfies additional 
technical conditions that will be made precise later. This equation models 
a type of problem arising in transport heory. We refer to [ 1, 15, 17, 211 
for further physical background regarding this problem. 
The aim of this paper is to establish global existence of a strongly mild 
solution to (1) for any c < 1 with sufficiently small initial data R,, and for 
c= 1 with zero initial data. The remainder of this introductory section 
consists of an overview of previous work. 
A large number of papers dealing with the abstract Riccati equation with 
unbounded coefficients in the linear term appears in the literature intrans- 
port theory [9, 10, 151 as well as that in control theory [2, 3, 13, 14, 19, 
201. For the case that allowance is made for unbounded coefficients even 
in the nonlinear terms, substantial progress has recently been made in both 
fields [4, 6-8, 11, 12, 16, 183. 
Since Eq. (1) arises in transport heory, we wish to point out some 
notably important differences between Sentis’ treatment [IS] and ours. 
Other than the fact that the structure of Riccati equations considered are 
quite different, we also note the following differences: 
(i) As to the problem studied, our underlying space is L’, which is 
a more physically interesting space. So far, most of the work done with 
regard to the Riccati equation having unbounded coefficients is in L* or a 
Hilbert space. 
(ii) We are able to obtain the local solution of (1) with arbitrary 
positive and bounded initial data, and global solutions for small data. The 
corresponding results in [lS] required zero initial data 
(iii) Our approach is different and direct. By these, we mean that we 
focus as a starting point on the Riccati equation and study existence of the 
Riccati equation directly. This is the essence of the approach in [4]. By 
contrast Sentis [18] constructs an operator R by virtue of the solution of 
the corresponding two point boundary value problem. 
In the previous paper [S] we proved the local existence and uniqueness 
of (1) with arbitrary positive and bounded initial data for any c > 0 and 
global existence for c < $, via Contractive Mapping Theorem. However, 
one would expect physically that a global existence result would hold if 
c 6 1. Here we have established just that via an iterative m thod. The price 
paid is loss of control in the initial value. 
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2. THE MAIN RESULT 
The following assumptions on the data are introduced: 
(A2) The Banach space X= L’(p), and the cone K is the set of non- 
negative functions inX. 
(A3) The operator -T is the infinitesimal generator of analytic 
semigroup e-‘T of contractions. Moreover we assume that 0 E P(A), the 
resolvent set of A. 
(A4) There is a sequence {I,,} of projections on X such that 
In:X-+Xn, X,*+,~Xn, UJf, is dense in X, and D(T) 2 lJ X,. Moreover, 
(I,,} is uniformly bounded by 1, and TI, is bounded and extends I, T. 
(A5) The operators T, ePeT, and {m} are positive. 
The assumption (A4) is certainly fulfilled if T is a spectral operator [S]. 
The operator T in the concrete model is [Th](u) = (l/u) h(u), where 
h E L’[(O, 1)] = X, while X,, = L’[ l/n, 11. Such T and X satisfy all assump- 
tions above. 
We first “smooth” Eq. (1) by setting R = TP and R, = TP,, then 
formally P verifies 
P(t)+Tp(t)+P(t)T=A(t)+B(t) TD(t)+P(t) TC(t) 
+ P(t) TD(t) TP(t) :=9(t) 
P(0) = P,. 
(24 
(2b) 
Equation (2) is still not well defined because of the unbounded operator T. 
In order to study Eq. (2) we restrict the solution sought in a smaller space 
so as to ensure that the integral version of Eq. (2) is meaningful. 
Notation 2.1. For any x> 0, we denote by M, the linear space 
consisting ofcontinuously differentiable functions P mapping [0, y] into 
the set of positive operators in Y(X), i.e., PE C’([O, y]: 3’+(X)), such 
that each of 
llpll, := sup 1 II TP(t)ll :=IP( > 
and 
lllPlllJ := ,z? I’ {IUp TII := IIIfYt)lll 1 (3b) 
. ._ 
is finite for any y E (0, x), and additionally that P is monotone increasing 
in t in the sense of the cone. In case x = co, we write II .III’ and 111. l(lv as11. I/ ~
and Ill . Ill J3, respectively. 
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We first consider the linear initial-value problem of 
P(t)+ TP(t)+P(r)T=F(t) 
(4) 
P(0) = PO. 
The solvability of(4) can be addressed as follows (Theorem 2.11 of [8]): 
Let Y be a Banach space and F(t) in (4) be continuously differentiable in 
the strong topology of y(Y). For any P, E y(Y) and T satisfies (A3) and 
(A4), then P(t) given by 
where the integral above is interpreted in the strong topology, is a 
(strongly) classical solution of (4). Conversely, the solution of (4) is 
uniquely determined by (5). We therefore define 
DEFINITION 2.2. A function R is said to be a strongly mild solution of 
(1) on [0, ~1 if P= T-‘REC([O, y]: g’(X)) satisfies 
where 0 < t 6 y and the integral is to be interpreted as a strong Bochner 
integral. 
We now state the main theorem of the paper. 
THEOREM 2.3. Suppose c, as defined in (Al ), is no greater than 1, 
/ P,I + Jlj PollI d 2( 1 - c), and assumptions (Al t(A5) are held. Then there is 
a function P lying in the class M, , which satisfies 111 PII1 u3 6 2, and that TTP 
is a solution of the abstract Riccati nitial-value problem (l), in the sense of 
Definition 2.2. 
The idea of the proof of the theorem (the method of iteration) isa fairly 
simple one. Initially, we study the case that 
A(t) through D(t) are independent of t. (7) 
Afterwards we construct a natural iterative sequence {P!,k’} on the 
approximate equation of (6) obtained by replacing 9(s) in (6) by Z,,~(S). 
We then show that the sequence {PLk’} is monotonic and bounded. It 
follows from this and Monotone Convergence Theorem that a global solu- 
tion of (1) exists. The assumption (7) is then removed to obtain the general 
case. The detailed proof of Theorem 2.3 will be presented in Section 4. 
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3. NOTATION AND PRELIMINARIES 
In view of (5) we consider the approximate equation 
.- .-e p’rPoep’T+ i n W,P(t) := n WP(t), 
i= 1 
(8) 
where ,, Wi, i = 1, 2, 3,4, are integral operators defined as 
,, WI P(t) = i,’ e--(f V)r~nA(s)e-‘~-“‘T& 
,,W2P(f)=/~e p(‘p3)TZ,,B(s) TP(s)eC(‘-“)‘ds, 
,,W,fYt)=[:e -(f-.dr~np(s) TC(s)e-"-"'T& 
and 
.W,P(t)=jo’e ~(f~S)TlnP(s) TD(s) TP(s)eC”+“‘Tds. 
(94 
Pb) 
(9c) 
WI 
LEMMA 3.1. Let (7) and assumptions (A2)-(A5) hold. If P is non- 
decreasing int, then so is n WP for all nE N. 
Proof: We first note that the strong derivative ofCf= 1 n W,P(t) is 
The fact hat e-‘= is an analytic semigroup has been used to justify above. 
Replacing F(s) by R(t), we find that the above expression is greater 
than Z,F(t) - [Z,,F(t) - ep’TZ,,S(t)e-‘T] = ep’TZ,,F(t)e-‘T> 0. Thus for 
t, 3 t,, we find that 
,I WP(t,) - n WP(t,) 
W;P(s) ds 1 
~e-'~T~oe~"T-e--'2T~Oe~'2T 
+j*'e -rTZ,,F(t)ep’T ds 2 0. 
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The last inequality follows from the fact hat assumption (A5) holds. This 
completes the proof of Lemma 3.1. 
The action of the operators ,IW, on the normed linear space M, is to be 
studied. 
LEMMA 3.2. Jf (7) and assumptions (Al))(A5) hold, and PEM,, then 
IITnW,f’(t)hll + /I,,W,P(t)W $2 (loa) 
II~nw,P(t)hll + I,,w,P(t)W G; IIWtM (lob) 
Il7’, W P(t)hlI + ll,z @‘,P(t)Thllv$ l/lPlil., (1Oc) 
and 
II r,z w,P(t)hll + IIn Wd’WWI,,. $ IIWt)hll IllPIll, (lad) 
for all y E (0, x) and all h in the cone K with llhll = 1. Furthermore, n W maps 
M, into itself: 
Proof We illustrate th first assertion for (9a, d), the other estimates 
are similarly obtained. For h E the cone K, and lihll = 1, we have 
Iln W,Wt)h+ T-‘. W,Nt)ThlI 
= IIP,,Ah-e ‘rP,,Aep”hll. 
The assumptions (A3) and (A4) have been used to justify the above. 
Noting that 06 eCrT<Z (Theorem A9 of [S]) and with assumption (A5), 
the latter expression is bounded above by II P,AhI/ d c/2 Ilhil. Then the 
additivity of the L’-norm and the fact hat the cone K is reproducing give 
(9a). Similarly for any such h, we find 
I/n W,Wt)h+ T-‘,, W,R(t)W 
= 
!~J 
d { Te~“~“‘TP,(T~‘R(s)T) DR(s)e~“~“‘7 
+e “~““P,(T~‘R(s)T) DR(s)e-” “jTT 
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Replacing R(s) by R(t), we have that the latter expression is bounded 
above 
IIP,(T-‘R(t) DR(t)h( - lec”Pn(Tp’R(t)T) DR(t)ecrThll 
d IIP,(T-‘Nt)O DWf)hll $ IIIRIII.p lq,,. 
The last assertion of the lemma follows from Lemma 3.2 and the 
estimates (9). 
4. PROOF OF THEOREM 2.3 
Throughout this section the assumptions (Al))(A5) will be assumed 
without explicitly stating it. We first s udy the approximate equation (8). 
LEMMA 4.1. Let (7) hold. Suppose c 6 1, PO E 9 ’ (X) and such that 
lliPO/l~ + lPOl 6 2( 1 - c). Then for each n there is a function P, in M, , which 
satisfies 111 P, 111 a 6 2 that is a solution of (8). 
ProoJ: For fixed n, let he sequence Pik’ be defined by Pp f ‘) = ,, WPP), 
P!? = 0. It follows from Lemma 3.2 that for all h in K with llhll = 1 and 
t E (0, ca L 
IITPik+“(t)hll + lIPjlk+‘)(f)ThII 
<2(1 -c)+;(l + lllP’“‘lll5,)(1 + IITP’k’(Wll). (11) 
Lemma 3.2 also shows that each P, (k +’ ‘T is finite. Thus let E > 0 be given, 
and D, a subset of K such that if h ED,:, then 
llP:k+l’(t)ThII > /IIP’k+l)ll~m-~. (12) 
Put ck = II~P’k’lll oc and Bk= IITP’k’(t)hll. Then (11) and (12) give, for 
hED,> 
Ok+I+fik+I -s<2(1 -c)+(l +(Tk)(t +flk). 
However, (1 + (Tk)( 1 + flk) d (l/4)(2 + ok + bk)‘. setting yk = ck + flk, 
therefore Yk 20, yO=O, and Yk+, -&<2(1-c)+(c/2)(1+(1/2)1;k)2. so 
if c is as claimed, then the assumption yk 6 2 would yield yk+, d 2. 
Since E is arbitrary, yk d 2. Consequently, { Pkk’(r) T} is a norm-bounded 
sequence since 0ep(T) and Pl,“+‘) 3 Pp’, it follows that {P!,k’(t)h} isa 
409.‘166,,-8 
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monotonic norm-bounded sequence, and therefore w may define R,(t)h =
lh. + x RL”(t)h. By the Monotone Convergence Theorem, it follows that 
P,,( .)h = ,‘irnX Pjl; +I’( .)h = lim 
x - % 
,, WPp’( .)/I = n WP,,( .)A 
for every h E K, which gives P, = ,, WP,,. Clearly, 111 P, II/  6 2. This con- 
cludes the proof of Lemma 4.1. 
For fixed n, let approximation Pj!‘)( t)of (8) be constructed precisely as
in the proof of the preceding lemma, and further let S:‘)(t) beconstructed 
similarly except with the mappings A(r), B(t), C(t), and D(t) replaced with 
constant c/2. Then the inequality I/ P:“(t)11 < 11 Sk’)(t)11 d 2 is clear. 
Therefore, we obtain the following lemma: 
LEMMA 4.2. Suppose the same assumptions hold as in Lemma 4.1 except 
(7) is removed. Then a solution S,, in the sense of definition (2), of (8) exists. 
Moreover, S, is in A4, and II/S,, 111z 6 2. 
We are now ready to prove the main result of the paper. 
Proof of Theorem 2.3. Let S, be the solution of (7) constructed in
Lemma 4.1. Clearly, for each h E K, the sequence {S,h} is monotonic and 
norm-bounded. Thus, it converges upward to a limit, say Ph. By noting 
that 1, converges upward to the identity operator I in the strong topology, 
the theorem follows from the Monotone Convergence Theorem. 
Remarks. 1. For c = 1, it is still unclear whether a solution of (la) 
with non-zero initial data exists. 
2. It would be of some interest tosee if the condition on the norms 
of initial data R, can be improved or if it is optimal. 
3. The question of whether the solution R of Eq. (1) is bounded with 
respect to the usual norm 11. II remains open. 
4. The results ofthe analysis can be applied to the reflection kernels 
with both isotropically scattering homogeneous and anisotropically 
scattering inhomogeneous media. For such equations see [S]. 
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